Motivated by the observations that natural materials such as bone, shell, tendon and the attachment system of gecko exhibit multi-scale hierarchical structures, this paper aims to develop a better understanding of the effects of structural hierarchy on flaw insensibility of materials from the viewpoint of multi-scale cohesive laws. We consider two idealized, self-similar models of hierarchical materials, one mimicking gecko's attachment system and the other mimicking the mineral-protein composite structure of bone, to demonstrate that structural hierarchy leads to multi-scale cohesive laws which can be designed from bottom up to enable flaw tolerance from nanoscale to macroscopic length scales.
Introduction
In nature, structural hierarchy is a prevailing feature that can be observed in many biological systems including bone (Currey, 1977 (Currey, , 1984 Jäger and Fratzl, 2000; Fratzl et al., 2004a,b) and attachment pads of gecko (Autumn et al., 2000; Yao and Gao, 2006) . Meanwhile, the superior mechanical properties of bone as well as the extraordinary ability of gecko to climb on vertical walls and ceilings suggest that biological systems with mechanical functions can operate robustly in the presence of crack-like flaws (Gao et al., 2003) . A question of interest is: are there any correlations between the structural hierarchy and the flaw tolerance capability of these biological systems?
Recent studies on biological materials show that size confinement is an important strategy for flaw tolerance. It has been demonstrated (Gao et al., 2003; Gao and Chen, 2005) that, due to their nanoscale characteristic size, the mineral bits in bone and bone-like materials tend to fail not by propagation of pre-existing cracks but rather by uniform rupture at the limiting strength of the material. For biological adhesion systems (e.g., Autumn et al., 2000 Autumn et al., , 2002 Arzt et al., 2003) , similar transition from crack-like failure to uniform rupture has also been discussed in the literature (e.g., . For adhesion of a single fiber on substrate, Gao and Yao (2004) discussed the notion that the adhesion strength is affected not only by the size but also by the shape of the contacting surfaces: the smaller the size, the less important the shape. Shape-insensitive optimal adhesion was found to become possible when the structural size is reduced to below a critical length of around 100 nm for van der Waals adhesion.
The strategy of achieving robust adhesion via size reduction is severely limited, however, as flaw tolerance at the level of an isolated fiber does not automatically lead to insensitivity to surface roughness and other contact imperfections larger than the fibers. Apparently, an additional strategy is needed to enable robust adhesion at system levels. Motivated by the prevailing hierarchical nature of biological systems, Gao (2006) and Yao and Gao (2006) have proposed self-similar hierarchical materials models to demonstrate that the structural hierarchy plays an essential role in ensuring robust mechanical function (flaw tolerance) at large length scales. The present paper is aimed to understand the recently proposed self-similar hairy attachment model mimicking gecko adhesion (Fig. 1a) by Yao and Gao (2006) and the self-similar composite model mimicking bone (Fig. 1b) by Gao (2006) from the point of view of multi-scale cohesive laws.
The concept of cohesive laws/models in mechanics was initially proposed by Barenblatt and Dugdale to deal with the nonphysical stress singularity near a crack tip in linear elastic fracture mechanics in terms of atomic interaction (Barenblatt, 1959) and plastic yielding (Dugdale, 1960) . The idea of a cohesive crack model is based on the assumption that the whole crack region can be divided into two parts. While one part of the crack surfaces is free of traction, the other part is subjected to a distribution of cohesive traction which is expressed as a function of surface separation. Different forms of the traction-separation function define different cohesive models. For example, the Dugdale model (Dugdale, 1960) originally developed for modeling crack growth . SP, spatula; BR, branch. (b) Hierarchical structures of collagen tendon (Puxkandl et al., 2002) . F, collagen fiber; M, collagen molecule; pg, proteoglycan-rich matrix.
in a thin elastic-plastic sheet assumes that the traction within the cohesive zone is constant and equal to the yield strength of the material. In comparison, the Lennard-Jones model (Muller et al., 1980 (Muller et al., , 1983 Pashley, 1984; Attard and Parker, 1992 ) appears more realistic for modeling van der Waals type adhesive interactions since it is based on the classical 6-12 Lennard-Jones interaction potential between two atoms (Israelachvili, 1992) . Other traction-separation laws with trilinear (Tvergaard and Hutchinson, 1992) and polynomial/exponential functions (Needleman, 1987 (Needleman, , 1990 Xu and Needleman, 1994) have been developed for modeling mixed mode fracture. Fig. 2 plots four typical traction-separation laws where, for simplicity, the tangential components of separation are neglected. These and other cohesive models have been widely used in large scale yielding or bridging models applied to mechanics of earthquake rupture (Rice, 1980) , interfacial debonding (Needleman, 1987) , dynamic crack growth (Xu and Needleman, 1994; Camacho and Oritiz, 1996) , notch insensitivity (Bilby et al., 1963; Suo et al., 1993) , crack growth in elastic-plastic solids (Tvergaard and Hutchinson, 1992) , fracture size effects in concrete (Hillerborg et al., 1976; Bazant, 1976; Bazant and Planas, 1998) and fiber bridging in composites (Cox and Marshall, 1994) . The feasibility of applying cohesive models in adhesive contact problems was established by Maugis (1992) who used the Dugdale model to describe adhesive interactions between two solid spheres; the resulting Maugis-Dugdale model successfully unified two classical models in contact mechanics, the JKR (Johnson-Kendall-Roberts) (Johnson et al., 1971 ) and the DMT (Derjaguin-Muller-Toporov) (Derjaguin et al., 1975 ) models, as two limiting cases. Carpick et al. (1999) pointed out that the classical adhesive contact models can all be interpreted in terms of cohesive modelling; while the JKR model can be interpreted in terms of a Dirac delta function like cohesive law, the DMT model corresponds to a long-ranged step function. From this point of view, it is no wonder that the Maugis-Dugdale model can capture the JKR-DMT transition because the Dugdale model with a fixed work of adhesion can be reduced to a deltalike function or a long-ranged step function by letting the interaction range approach 0 or infinity, respectively.
Among most of the existing cohesive models in fracture mechanics and adhesive contact mechanics, a common feature is that only one length scale is involved. That is, the cohesive law is treated as a material property (Tvergaard and Hutchinson, 1992) and (d) Needleman law (Needleman, 1990) . Tangential separations are neglected here. independent of the size of the system. From the flaw insensitivity (robustness) point of view, materials with size-independent cohesive laws can achieve flaw tolerance only below a critical size limit typically in the nanometer regime for biological systems (Gao et al., 2003; Gao and Yao, 2004) . The objective of this paper is to illustrate that hierarchically structured materials, in contrast to conventional non-hierarchical materials, exhibit multi-scale cohesive laws which enable flaw insensitivity not just at one scale, but at all relevant size scales. In other words, for hierarchical materials, the concept of a cohesive law can no longer be treated as a fixed material property, rather it depends on the size scale of concern. We will show that any given level of hierarchy always plays two roles simultaneously: it plays the role of material for lower level structures while at the same time acting as part of the cohesive bonds for higher level structures. We emphasize that this is a fundamental breaking point between the conventional theories in cohesive modeling of material failure and the new interpretations of multi-scale cohesive laws for hierarchical materials.
Flaw tolerance: concept of equal load sharing at failure
The theoretical strength of a solid is defined as the stress required to simultaneously break all the bonds across a fracture plane. Theoretical estimation based on interatomic force laws shows that the theoretical strength is around E/10, where E is the Young's modulus. In reality, however, such high strength is rarely observed due to the inevitable presence of cracks or crack-like flaws which, under external loading, induce stress concentration near the tips of these flaws. As the external load reaches a critical value, the solid would fracture via crack propagation instead of simultaneous breaking of all bonds as assumed in the definition of theoretical strength. Under this circumstance, the load carrying capacity of the material has not been used most efficiently since only a small fraction of material is maximally stressed at any instant of time during failure, leading to a much reduced ''apparent'' strength in contrast to the theoretical value. Similar phenomenon also occurs in the adhesion between two solid surfaces via intermolecular forces (e.g., van der Waals interaction). In the adhesion problem, the magnitude of the adhesive stress is determined by surface-to-surface separation. At a specific surface separation, the adhesive stress reaches its maximum value corresponding to the theoretical strength of adhesion. Generally speaking, the actual adhesion strength, which is defined as the force per unit contact area at pull-off, can be much lower than the theoretical adhesion strength due to the presence of crack-like flaws induced by surface roughness or contaminants. Under external loading, these adhesion flaws induce stress concentration near the contact edges and eventually lead to breakage of adhesion through crack propagation. In all these cases, the reduction of apparent strength of material is caused by crack propagation. From the optimal material design point of view, an ideal scenario is to achieve the state of so-called flaw tolerance (Gao et al., 2003; Gao and Chen, 2005) in which fracture strength reaches the theoretical strength irrespective of the presence of cracks. Due to the random, unpredictable nature of crack-like flaws, it may seem at a first glance extremely difficult or impossible to eliminate stress concentration for large cracks so as to ensure equal load sharing at the moment of material failure. However, Gao (2006) and Yao and Gao (2006) have provided theoretical arguments based on well established concepts in fracture mechanics that this would become possible with hierarchical materials.
The concept of equal load sharing at failure can be demonstrated by two examples. The first example is an elastic strip containing a random internal or edge crack under tension (Fig. 3) . Gao and Chen (2005) have thoroughly investigated this problem and shown that the cracked strip can indeed achieve equal load sharing at failure for arbitrary crack size as long as its half-width h satisfies the following condition
where E is the Young's modulus, and S and C stand for the theoretical strength and fracture energy of the strip, respectively. For brittle materials, the fracture energy, which represents the amount of energy required for a unit increment of crack area, is usually taken as twice of the surface energy, i.e., C = 2c. Assuming no over-design of materials, we can just take the equality in Eq.
(1) and write the condition of flaw tolerance as
Similarly, Gao and Yao (2004) discussed the concept of equal load sharing at failure for adhesion problems and showed that flaw tolerant adhesion can be achieved when the characteristic size of the contact area R satisfies
where S is the theoretical strength of adhesion, W ad is the work of adhesion and
is the compound elastic modulus with E 1,2 and m 1,2 being the Young's moduli and Poisson's ratios of the two contacting solids.
For traditional, non-hierarchical materials, the parameters C, W ad , E, E * , S in Eqs. (2) and (3) are material constants with known values, suggesting that the state of flaw tolerance can be achieved only within a limited size scale. Is it possible to achieve flaw tolerance at scales larger than those predicted by Eqs. (2) and (3)? This question has been addressed in our recent work (Gao, 2006; Yao and Gao, 2006; Yao, 2006) , where we have provided theoretical evidence that flaw tolerant adhesion can be achieved at large scales in a hierarchical material. In the following, we will illustrate the basic principle of hierarchical materials design from the point of view of multi-scale cohesive laws. Both adhesion and fracture problems are addressed by taking the attachment system of gecko (Autumn et al., 2000 (Autumn et al., , 2002 Arzt et al., 2003) and bone-like structures (Fratzl et al., 2004a,b) as two representative model problems.
Multi-scale cohesive laws in gecko
People have long recognized the extraordinary ability of gecko to climb on vertical walls and ceilings. However, only until recently has strong evidence been provided that the origin of the adhesion force of gecko is due to van der Waals type interaction between its attachment pads and a rough surface (Autumn et al., 2000 (Autumn et al., , 2002 . To understand the mechanism of how gecko makes use of intermolecular forces efficiently to support its body weight, various theoretical models have been considered (Persson and Gorb, 2003; Gao and Yao, 2004; Glassmaker et al., 2004; Spolenak et al., 2005; Yao and Gao, 2006) . For two solid surfaces in adhesive contact, it has been shown that the theoretical adhesion strength can be achieved via either size reduction or shape optimization, and the importance of the shape tends to decrease as the size is reduced (Gao and Yao, 2004) . The critical length scale for shape-insensitive optimal (flaw tolerant) adhesion, as given in Eq. (3), depends essentially on two characteristic quantities in cohesive law: One is the work of adhesion and the other is the theoretical adhesion strength. Therefore, in order to achieve flaw tolerant adhesion at large length scales, size-dependent cohesive law is needed. We have proposed an idealized, self-similar hierarchical hairy structure as shown in Fig. 4 to understand the attachment system of gecko (Yao and Gao, 2006) . In this ''brush-onbrush'' structure, the tips of fibers at each level are assumed to be coated with a ''brush'' substructure consisting of thinner fibers of one level below. For a detailed analysis of this structure, the reader is referred to Yao and Gao (2006) . For the convenience of the reader, we briefly summarize the main results on the determination of the radius, length and area fraction of hairs at each level in the following.
At the lowest level of hierarchy, the failure process is assumed to be governed by van der Waals interaction between the smallest fibers (i.e., the ultrastructure) and a solid surface. In this case, the upper limit of fiber radius for flaw tolerant adhesion, according to Eq. (3), is given by
where the work of adhesion is simply taken to be the van der Waals energy Dc and r th is the theoretical strength of van der Waals interaction. To determine the length of hairs, we note that, in an array of slender hairs planted on a surface, the van der Waals interaction between neighbouring hairs might cause them to bundle together. Therefore, an anti-bunching condition should be imposed to ensure that the hairs will stand up straight. The exact form of the antibunching condition depends on the geometry of the fiber. For example, the anti-bunching condition for fibers of square cross section has been discussed by Hui et al. (2002) and . Here we focus on cylindrical fibers which have been considered by Glassmaker et al. (2004) and Yao and Gao (2006) . Using the appropriate anti-bunching condition, the maximum fiber length at the bottom level can be expressed as a function of the area fraction u 1 at this level as,
Fig. 4. The self-similar gecko hair. At each level, the fiber tips consist of fibrils of one level below while the fibers themselves act as tips for larger fibers from higher hierarchical levels (Yao and Gao, 2006) .
where E f , m f are Young's modulus and Poisson's ratio of the hairs and u max is the maximum area fraction of a given hair pattern. It can be shown that u max ¼ p=2 ffiffi ffi 3 p for a triangular lattice, u max = p/4 for a square lattice and u max ¼ p=3 ffiffi ffi 3 p for a hexagonal lattice. With these parameters, the work of adhesion associated with the next (second) level is given by
which is a non-linear function of the area fraction u 1 . This function exhibits a maximum at a specific value of u 1 due to opposing trends of the variations of L 1 (u 1 ) and u 1 : denser fibers with larger u 1 require smaller L 1 for stability against bunching. Therefore, according to Eq. (6), we can choose the fiber area fraction u 1 to maximize the work of adhesion at the next level. After u 1 is determined, the fiber length L 1 can be calculated immediately from Eq. (5). In this way, all the structural parameters for the first level R 1 , L 1 , u 1 have been determined. In addition, by using Eq. (6), the work of adhesion for the second level W ad 2 also becomes known. We can now proceed to design the next (second) level. The fiber radius is again chosen to ensure flaw tolerant adhesion,
where S 2 = u 1 r th is the effective adhesion strength at the second level. Similarly, the anti-bunching condition allows the fiber length to be expressed as a function of the area fraction u 2 as
Based on this, the work of adhesion for the third level can be expressed in terms of u 2 as
The area fraction u 2 is determined by maximizing W ad 3 ðu 2 Þ. Once u 2 is known, L 2 and W ad 3 are calculated from Eqs. (8) and (9), respectively. At this point, all the structural parameters, R 2 , L 2 , u 2 , for the second level of hierarchy, as well as the work of adhesion W ad 3 for the third level, have been determined. From now on, in order to determine the structural parameters at all hierarchical levels, it suffices to describe an iterative procedure starting from the lowest level. Assuming we have completed design for the lowest (n À 1)th levels so that R i , L i , u i , W ad i (i = 1,2, . . . , n À 1) as well as W ad n have been determined, then for the nth level (n > 1), the (maximum) fiber radius ensuring flaw tolerant adhesion is given by
where
is the effective adhesion strength of the nth level. According to the anti-bunching condition, the maximum allowable hair length at the nth level can be expressed as a function of the area fraction u n ,
The work of adhesion for the (n+1)th level is
Maximizing W ad nþ1 ðu n Þ gives the area fraction for the nth level u n , which then leads to L n and W ad nþ1 from Eqs. (12) and (13). This iterative, bottom-up design procedure can be repeated until the desired size scale for flaw tolerant adhesion is reached. With the knowledge of the hair radius and area fraction at each level, we can also calculate the number of hairs on the tip of a hair at the next higher level as
as well as the net pull-off force at each hierarchical level, Table 1 lists the results of the calculated hierarchical structures following the bottom-up design procedure described above. In the calculation, we have taken the material properties of keratin as E f = 1.0 GPa, m f = 0.3, Dc = 10 mJ/m 2 , c f = 5 mJ/m 2 and r th = 20 MPa. Three lattice patterns, triangular, square and hexagonal, for the hair array are considered. As shown in Table 1 , both the fiber radius and length increase exponentially with the level of hierarchy. Under the selected parameters, the critical fiber radius of flaw tolerant adhesion is only around 100 nm at the lowest level of structure. With hierarchical design, it is increased to 1 lm with 2 levels, 1 mm with 3 levels, 1 m with 4 levels of hierarchy. With 8 levels, the dimension of flaw tolerant radius has reached 10 26 m, which is an astronomical size! Similarly, the calculated work of adhesion and net pull-off force F n increase exponentially with the increasing level of hierarchy, whereas the effective adhesion strength decreases and asymptotically approaches zero. Interestingly, the area fraction of the fiber array converges to a constant after the third level of hierarchy for each fiber layout pattern. Therefore, the number N f n of fibrils on the tip of a fiber at the next level, according to Eq. (14), increases sharply with the hierarchy level, as shown in Table 1 Calculated geometrical and mechanical properties of bottom-up designed fractal gecko hair structure Table 1 . These calculation results demonstrate the enormous potential of a hierarchical structure for flaw tolerant adhesion. We now consider the cohesive laws of this hierarchical structure. At the nth level of hierarchy, the effective 'surface-to-surface' separation includes two contributions. One is the real surface-to-surface separation between the tips of the terminal hairs (at the lowest level of hierarchy) and the surface of the substrate. The other is the accumulative elastic extension of all fibers beneath the nth level. Assuming that the interaction between the tips of the terminal fibers and substrate obeys the Lennard-Jones law (Muller et al., 1980 (Muller et al., , 1983 Pashley, 1984; Attard and Parker, 1992) , as shown in Fig. 2(b) , and that fibers at each level are stretched under uniaxial tension, Fig. 5 plots the cohesive laws (effective stress-separation curves) for the first 4 hierarchical levels. One can see that the cohesive laws of this hierarchical structure are strongly dependent on the size scale. As the hierarchical level increases, the theoretical strength decreases slightly but the effective interaction range increases enormously. In other words, the structure hierarchy transforms the nature of original van der Waals interaction law from a ''high strength-extremely short range'' force to a ''relatively low strength-very long range'' interaction depending on the size scale. Our analysis above shows that this trade-off between strength and interaction range is hugely beneficial to fracture: it leads to an exponential increase in the work of adhesion at higher hierarchical levels.
Multi-scale cohesive laws in a self-similar hierarchical bone-like structure
As another example of hierarchical materials, we consider bone-like biological materials such as shell, bone, nacre and tendon. While the sea shells have 2-3 levels of lamellar structure (Currey, 1977; Jackson et al., 1988; Menig et al., 2000 Menig et al., , 2001 , tendon and mineralized tendon fibers (Jäger and Fratzl, 2000; Puxkandl et al., 2002; Gupta et al., 2004 Gupta et al., , 2005 Fratzl et al., 2004a,b) consist of 4 levels of hierarchy, as shown in Fig. 1b . Although higher level structures of various bone-like materials show great complexity and diversity, at the most elementary level of structural hierarchy, they exhibit a generic structure consisting of nanometer-sized hard mineral crystals embedded in a parallel staggered pattern in a soft protein matrix (Jäger and Fratzl, 2000; Gao et al., 2003; Fratzl et al., 2004a,b) . While the nanostructure of dentin and bone consists of plate-like (2-4 nm thick and up to 100 nm long) crystals embedded in a collagen-rich protein matrix (Landis, 1995; Landis et al., 1996; Roschger et al., 2001) , nacre is made of very high volume fraction of plate-like crystals (200-500 nm thick and a few microns long) with a small amount of soft matrix in between (Currey, 1977; Kamat et al., 2000; Jackson et al., 1988; Menig et al., 2000; Wang et al., 2001) . Similarly, tendon is a composite material with collagen fibrils embedded in a proteoglycan-rich matrix (Jäger and Fratzl, 2000; Puxkandl et al., 2002; Gupta et al., 2004 Gupta et al., , 2005 Fratzl et al., 2004a,b) . Inspired by these observations, Gao (2006) proposed a self-similar hierarchical composite material with multiple levels of self-similar structures mimicking the staggered structure of bone, as shown in Fig. 6 . Instead of just one or two levels of structures as in most of engineering composites, the self-similar bone can have a large number of structural hierarchies and each hierarchical level exhibits the same structure consisting of slender hard plates embedded in a soft matrix. At each level of hierarchy, the hard phase is assumed to be composed of the staggered structure of one level below. Gao et al. (2003) and Gao (2006) have also discussed that the staggered nanostructure of bone may be a result of optimization with respect to stiffness and toughness under uniaxial loading. Here we investigate this self-similar bone model from the point of view of multi-scale cohesive laws.
Assuming the total number of hierarchical levels is N, at each level the roles of the hard phase and the soft phase are similar to those which have been discussed for the ultrastructure of bone, i.e. the slender hard plates provide structural rigidity while the soft matrix absorbs and dissipates fracture energy associated with cracklike flaws in the size range of the corresponding hierarchical level (Gao et al., 2003; Gao, 2006) . For the selfsimilar structure, however, the same flaw tolerance criterion, Eq. (2), can be applied at multiple size scales in a bottom-up sequence. First, the characteristic size scale of the lowest level of structure is determined. Then the properties at the next higher level are calculated based on the current level of structures, and the characteristic size of the next level is determined by using the criterion of flaw tolerance. This iterative process is repeated until all N levels are determined (Gao, 2006) . The derivations below closely follow those in Gao (2006) but are included here for completeness.
For the lowest level, the flaw tolerance condition, according to Eq. (2), can be readily expressed in terms of the material constants of the mineral as
where E 0 = E m is the Young's modulus of the mineral, c is the surface energy and r th is the theoretical strength of mineral. According to flaw tolerance design, the characteristic size of the mineral platelets is selected as
For bio-minerals, we take c = 1 J/m 2 , E m = 100 GPa and r th = E m /30, and find h 0 ¼ 18 nm: Fig. 6 . The self-similar bone. Every level of structure is similar to the elementary structure of bone, with slender hard platelets aligned in a parallel staggered pattern in a soft matrix. The hard phase at the nth level is made of the hard-soft microstructure at the (n À 1)th level (Gao, 2006) .
This nanoscale size becomes the basis for designing the structures at higher levels of hierarchy.
Assuming that the structure of the nth hierarchical level has been determined, the effective Young's modulus at the (n+1)th hierarchical level E n+1 can be calculated by generalizing a simple formula for the Young's modulus of the staggered nanostructure (Gao et al., 2003) as
where G p n is the shear modulus of the soft phase at the nth level, and E n , u n , q n are Young's modulus, volume fraction and aspect ratio of the hard phase at the nth level. Actually, the elastic properties of the hard plates at higher hierarchical levels are anisotropic. For simplicity, here we only consider the effective Young's modulus under uniaxial tension. In comparison, the Voigt upper bound of composite stiffness at the (n+1)th level is
where E p n is the Young's modulus of the soft phase at the nth level. When the total volume fraction of mineral
u n is fixed, increasing the total number of hierarchy levels N tends to increase u n , allowing E n+1 of Eq. (18) to approach the Voigt bound E Voigt nþ1 . Therefore, larger N generally leads to higher overall stiffness of the composite.
When the staggered structure is subjected to uniaxial tension, the mineral plates are primarily under tension with protein layers in-between transfer loads primarily via shear (Gao et al., 2003; Gupta et al., 2005) . By means of self-similar design, this feature is carried over to all hierarchical levels. The tensile limiting strength at the (n+1)th level depends on which phase of the nth level fails first. If the hard phase fails first, we have S n+1 = u n S n /2. On the other hand, if the soft ''protein'' phase fails first, we will have S nþ1 ¼ u n q n s p n =2, where s p n stands for the shear strength of the soft matrix. Therefore, the strength of the hard phase at the (n+1)th level can be expressed as
From the energy dissipation point of view, it is important that the soft matrix undergoes large deformation and sliding before the hard plates fail under tension. An optimal design is that the soft matrix should fail simultaneously with the hard phase. Under this condition,
and the tensile strength of the self-similar bone at the (n+1)th level is
For the staggered structure at the (n+1)th level, the effective fracture energy should include the energy required to break both the hard phase and soft phase of the nth level. Therefore, it can be expressed as
where H p n denotes the effective strain measuring the range of deformation of the soft phase at the nth level. On the right-hand side of Eq. (22), the first part stands for the energy required to break the hard phase while the second part refers to the fracture energy corresponding to the soft matrix. Here the width of the fracture process zone is assumed to be on the order of the length of the hard plates l n . For simplicity, we assume that the strain energy is primarily dissipated by the deformation of the soft matrix at any hierarchical level. Eq. (22) can be reduced to
where Eq. (20) has been adopted. Once we have calculated E n+1 , S n+1 and C n+1 , the characteristic size of flaw tolerance at the (n+1)th level can be determined according to Eq. (2) as
Substituting Eqs. (21) and (23) into Eq. (24) yields
where E n+1 is given by Eq. (18). From Eqs. (17) and (25), the hierarchical structure thus can be determined in the following bottom-up sequence
provided that u n , H p n are known. In order to demonstrate the enormous potential of such hierarchical material design, we perform calculations based on some specific parameter choices. For simplicity, we assume that the volume fraction u n and the aspect ratio q n of each level are identical, i.e., q n = q, u n = u, so that the structure becomes self-similar and the volume fraction of the hard phase in each level is related to the total fraction U of mineral as
In addition, we assume that the soft phase at all hierarchical level has the same elastic modulus and the same range of failure deformation, namely,
With these selections, the multi-level stiffness of the self-similar bone can be calculated as
while the multi-level strengths are given by
which leads to a simple solution
Substituting Eq. (28) into Eq. (20), we have
suggesting that the shear strength of the soft phase decreases at higher levels. Inserting Eq. (26) into Eq. (23) gives rise to the multi-level fracture energy as
where h n can be determined by the flaw tolerance criterion
In this fashion, all structural levels of the self-similar bone can be determined, according to Eqs. (27)- (30), one after another in a bottom-up sequence. Fig. 7 (a-d) and Table 2 show the calculated properties of the self-similar bone as a function of the number of hierarchical levels N. In the calculations, we have assumed typical materials properties of bone as c = 1 J/ m 2 ,U = 0.45, E m = 100 GPa, r th = E m /30, E m = G p q 2 = 1000G p and consider two estimates H p = 25% and H p = 100% for the failure strain of protein. Fig. 7(a) plots the overall stiffness of the fractal bone normalized by the Voigt upper bound of the composite. It is seen that hierarchical design only results in a moderate increase in stiffness. After a few levels of hierarchy, the stiffness saturates at about 30% of the Voigt limit. Fig. 7(b) shows that the strength of the self-similar bone drops by roughly a factor of 2 with each added level of hierarchy, decreasing by about two orders of magnitude with 6 levels of hierarchy. On the other hand, the hierarchical structures exhibit very dramatic effects on the toughness of the composite. Fig. 7(c) plots the variation of fracture energy with the hierarchical level for different H p . It can be seen that the fracture energy increases exponentially with the increasing number of hierarchies. Fig. 7 (d) plots the normalized overall size H/h 0 of the self-similar bone under flaw tolerance design constraint. One can see that the flaw tolerance size of the material increases exponentially with the number of hierarchical levels. Under the selected material parameters, the flaw tolerance size of the lowest hard phase is estimated to be h 0 = 18 nm. Depending upon the assumed failure strain H p of protein, the flaw tolerance size of the fractal bone increases to about 0.1 lm with only one level of hierarchy, 0.6-10 lm with two levels of hierarchy, 4-100 lm with 3 levels of hierarchy, 40 lm-10 mm with 4 levels of hierarchy, and 10 2 -10 6 km with 9 levels of hierarchy, implying that H ! 1 as N ! 1. Therefore, with increasing hierarchical levels, the self-similar bone can tolerate crack-like flaws of any size. These calculations demonstrate the enormous potential of a bottom-up design methodology on improving the capability of materials against crack-like flaws. We now consider multi-scale cohesive laws of the self-similar bone. Although it is difficult to obtain exact traction-separation curves from the above model, we can nevertheless plot the cohesive laws within some reasonable assumptions. At the most elementary structure level, i.e. N = 0, we assume the cohesive stress of mineral is linearly proportional to surface separation within an interaction range 4c/r th . At higher structural levels N P 1, we assume that the cohesive laws should reflect the large extensibility of protein and, for simplicity, we follow the Dugdale model (1960) in assuming that the cohesive stress at each level is constant (in an average sense) and equal to the theoretical strength S N within the interaction range C N /S N . Considering the possible importance of the oscillatory character of the force-extension curve of protein (e.g., Smith et al., 1999; Thompson et al., 2001) , we intentionally impose a small sinusoidal oscillatory term (e.g., amplitude equals 10% of S N ) on the cohesive stress but keep the area below the curves (i.e. the cohesive energy) unchanged. Fig. 8 plots the effective cohesive laws for the calculated bone-like structures at various hierarchy levels, showing that the theoretical strength decreases while the interaction range increases enormously with increasing hierarchy level N, giving rise to scale-dependent cohesive laws. Therefore, our analysis based on the self-similar bone model suggests that structural hierarchy has the potential to optimize topological distributions of organic and inorganic components to achieve flaw tolerance even at macroscopic length scales. The bottom-up designed self-similar bone seems to be capable of amplifying the superior properties of the staggered nanostructure to macroscopic length scales.
Conclusions
In this paper, we have discussed mechanical properties of hierarchical materials from the point of view of multi-scale cohesive laws. We have shown that a hierarchical material with multi-scale cohesive laws can be designed from bottom up to achieve flaw insensitivity at size scales that would have been impossible for traditional, non-hierarchical materials. We have discussed these concepts based on two representative models for hierarchical materials: a self-similar hairy structure mimicking gecko and a self-similar hard-soft composite mimicking bone.
The capability of materials to tolerate cracks is essentially determined by a competition between two characteristic length scales. One is the interaction range of cohesive forces that maintain the mechanical stability of a material, which is usually strong but short ranged at the most fundamental level (e.g., atomic bonding forces van der Waals forces). The other is the maximum surface separation of crack-like flaws, which is generally proportional to the flaw size (including the height of surface roughness in the case of adhesion) and theoretical strength but inversely proportion to material stiffness. Flaw insensitivity is achieved when the latter is smaller or comparable to the former. For a given material stiffness, the maximum crack size that can be tolerated is determined by the theoretical strength and interaction range or, in other words, by the cohesive law. The key concept coming out of this paper is that the theoretical strength and interaction range can no longer be treated as material constants in a hierarchically structured material. For traditional, non-hierarchical materials, a basic assumption in the Griffith-Irwin theory of fracture mechanics as well as in the JKR theory of adhesive contact mechanics is that the fracture energy and work of adhesion are material constants which can be determined irrespective of the size of the sample. In these theories, flaw tolerance can be achieved only within limited length scale. As illustrated schematically in Fig. 9(a) , a constant work of adhesion for conventional, nonhierarchical adhesion materials implies that the energy dissipation zone near the edge of a local contact region is constant irrespective of the scale of surface roughness. Similarly, as illustrated in Fig. 9(b) , a constant fracture energy for the conventional non-hierarchical materials implies that the energy dissipation zone near the tip of a crack is constant irrespective of the crack size. Our analysis indicates that these concepts may no longer be valid for hierarchical materials. For hierarchical materials, the energy dissipation zone near the tip of a crack or the edge of a local contact region can be designed to scale proportional to the crack size or the contact size. The bigger the crack (or the bigger the surface roughness), the more energy dissipation capability of the material is activated. In the case of the self-similar bone, this is achieved via deformation in the soft matrices at appropriate structural levels. In the case of the self-similar gecko hair, this is achieved by recruiting ever larger hairs as effective ''cohesive bonds'' to counter roughness at larger scales. In both cases, the fracture energy and the work of adhesion are exponentially enhanced by increasing the interaction range of cohesive interaction (by matrix deformation in the self-similar bone and by stretching of elastic fibers in the self-similar gecko hair) at a relatively modest sacrifice of cohesive strength. These studies suggest that multi-level hierarchy is an effective strategy for designing structures with robust mechanical functions.
It can also be emphasized that, in a hierarchical material, the concepts of ''material'' and ''cohesive bonds'' become completely relative with respect to each other. Each level of structure always plays two simultaneous roles: it acts as ''material'' for lower level structures and as ''cohesive bonds'' for higher level structures. For such materials, concepts such as fracture energy, work of adhesion, cohesive strength, cohesive interaction range, stiffness and toughness all become scale-dependent and can only be defined relative to the structure size. One must state the relevant size scale of interest before even starting to define these ''material constants''.
At this point of time, the study of hierarchical materials is still at a very primitive and premature stage. Much further research needs to be done in order to better understand the mechanics and mechanical properties of hierarchical materials. One promising approach is to devise increasingly sophisticated models to explain Fig. 9 . Schematic illustrations of energy dissipation zones near (a) the edges of local contact regions in adhesive contact and (b) the tips of crack-like flaws in non-hierarchical and hierarchical materials systems. The energy dissipation zones are treated as materials constants in non-hierarchical materials but can be designed to become highly scale-dependent in hierarchical materials. the observations and measurements in biological systems which are generally hierarchical by nature. On the other hand, an equally interesting approach might be to develop experimental techniques in controlled synthesis and fabrication as well as characterization and testing of bottom-up designed multi-level structures to test different theoretical predictions and concepts (such as scale-dependent toughness and work of adhesion). We should point out that the simple models discussed in this paper are aimed at stimulating discussions at a conceptual level and, as such, may be missing important aspects of real hierarchical materials. For example, bonelike materials and most biological systems exhibit varying degrees of anisotropy at different levels of structural hierarchy. In human bone, the degree of anisotropy seems to be the largest at the nanostructural level (Ji and Gao, 2006) and then decreases at higher structural levels (Weiner and Wagner, 1998) . Also, the mechanical properties of bone and biological attachment systems are usually time-dependent. Viscoelastic or poroelastic models (Puxkandl et al., 2002) may be needed to understand the time-dependent mechanical behaviors of these materials. Also, we have focused our discussions on self-similar structures under uniaxial tensile loads. At this point of time, it is not even clear what kind of hierarchical structures would be needed for compression, bending, torsion, or more complex three dimensional loads. Furthermore, it will be interesting to extend this line of research to multiple levels of structural hierarchy with multiple objective functions including not only stiffness and toughness but also other functions such as strength, weight, stability, conductivity, transport, etc. One might think of using genetic algorithms (see an example discussed in Gao, 2006) or some other optimization methods to address hierarchical and multifunctional optimization problems in biological as well as bioinspired systems.
